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Take up now the case where r x and r 2 differ from each other and the differ- 
ence is not an integer. We may say for convenience that r x and ?- 2 are like when 
they differ by either zero or an integer, and unlilce when the difference r x — r 2 is 
neither zero nor an integer. We have now r, and r 2 unlike, and 

ri = i {(1 — Ji) + Vjl-j y-lA }, 



fi — r, = a/{ 1 — Ji)» — 4 J, , 



-^u ~r -4>2 ~r -^13 



r A n "T -^22 "T" -<*23 ~T -^24 T -"-28 

•'t- 4 • 

The integrals of the differential equation are therefore of the form 

yi = (x—l) r 'u 

y 2 =(x—l) r >v, 
where n=co n=oc , 

n=0 n=0 

The differential equation is 

<Py A u o? + ^s + A a cfy ^s 4 + Atf* + 4»a;» + ^ M .r + A& Q . 

dx 2 " 1 " x(l — x>) dx^~ ^(l— a 2 ) 2 V ' 

change the variable by the relation 

x = a/ + 1 
and in the result write for convenience x instead of »' : also write 
Ai=— oi, 2^1,, + 4„ = — ft , A u -\-A vt + A ia = — vj 1 , 
A n = — a 2 , 4 vl 21 + ^4 22 = — ft , 6-4 21 + 3A 2i + A i3 = — y 2 , 
4-^21 + 3vl 22 + 2^4 23 + A 2i = — £ 2 , -4 21 + .4 22 + -4 23 -f" A it + .A 2B = % , 
and we have 

ffy _ ais 2 -f fls + ft cfy q 2 a; 4 + &S 8 + fts 2 + fta; + % 
da;' x(x + l)(z + 2) etc "*" z 2 (z + 1) 2 (* + 2 ) 2 

and also n = 0O 



2/i = x r >u , w = 2^ A.»*» 



n = 
n = oo 



»= 7 A a 



y 2 = x r '», «= 7 d n ar 



The form of the integral j/j (i. e. the values of the coefficients A) having 
been obtained, it will be only necessary to change r x into r 2 in order to find the 
Vol. viii. 



194 Craig : On a Linear Differential Equation of the Second Order. 

values of the coefficients h — that is, in order to find the integral y 2 . Writing now 

y = x r u, we find for u the differential equation 

*u _ (« 1 _2r) a -+( A _6r)* + fe 1 -4r) du 1 _ 

dx<~ x(x+Y)(x + 2) dz^ z*(x+lf(x + 2f ilai + rai n? 1)jX 

+ [& + r(fa + 3a 1 )-6r(r-l)]x 3 +[y !t + r(2a 1 +3[J 1 + ri 1 )-lZr(r-l)]x i 
+ [f, + r(2 / 3 I + 3»7 1 )— 12r(r— l)]x+[ )7i +2r» ?1 — 4r(r— 1)]}m. 

Multiplying out by [x (x + l)(x + 2)] 2 we have 

rPu 
{x 6 +6x D + 13a!*+12z» + 4a*|- ri 2 

' oar 

= }(«,— 2r)x*+ (/?,+ 3a,— 12/-)x 4 + (>?,+ 3/?!+ 2a,— 26r)z 3 + (3^ + 2[3 X — 24r) a? 

+ (2> 7l -8r)} ^ + l[« 2 + m 1 -r(r-l)]^+[A + r(/3 1 + 3a 1 )-6r(r-l)] a; 3 

+ [y, + r(2a 1 + 3/3 1 + J7 i)— 13r(r- 1)]^+ [£ 2 + r(2ft + 3^)- 12r(r— l)]x 

+ [%+2r)7i — 4r(r— l)]|w. 
Substituting for ?t its value, viz. n = 0O 

w = y^A„x n , 

n = 

and equating the coefficients of af + 1 , we find for the relation connecting five 

consecutive coefficients A 

|4n(n + l)-(n+ 1)(2^ — 8r)- |> 2 + 2n? x - 4r(r- 1)] £ A„ + 1 

+ {l2n(n— l)-n(3) 7l +2/3 1 — 24r)— [^'+r(5^ 1 + 3) 7l )— 12r(r — 1)]}A. 

+ 1 13 (n— l)(n— 2) — (n— l)(>i+ 3/?,+ 2a,— 26r) 

- [y 2 + r(2a,+ 3/?, + ^,)- 13r(r- 1)] } A„_, 
+ \ 6 (n — 2)(n — 3) — (n — 2)(/2, + 3a, — 1 2r) 

- [& + r(fr + 3a)-6r(r- 1)] } A (l _ 2 
+ f(n_3)(n-4)-(n-3)(a,-2r)-[a 2 + ra,-r(r-l)]|A n _3 = 0. 
Computing the coefficients A by aid of this formula, replacing x by x — 1 and 
the coefficients a, /3, etc., by their values in A n , A n . . . . A i5 , we have the 
desired integral of the original differential equation in the region C,. 

Suppose, now, that the roots of the fundamental determinant equations 
differ by an integer, i. e. r, — r 2 = (positive) integer. The integrals are of the 
form Y, = x r > log x , Y % = af a [w + n log x] . 

The integral J, has its coefficients determined by the last formula. Write 



v = ^2S n x n 
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and substitute F 2 in the differential equation ; we find (writing r for r 2 ) 

{x 6 +6x 5 +13x 4 +12x 3 + 4x 2 } ~, 

\(a x — 2r)x 5 + (/3,+ 3 ai — 12r)x*+ (r n + S(3 1 +2a 1 —26r)x 3 + (3^+ 2/3,— 24r)x 2 

+ (2* - 8r)x\ J -{[«•+ ra,- r (r- 1)] x 4 + [&+ r (&+ 3a,) - 6r(r -1)] * 3 

+ [r 2 4- r (2a, + 3/3, + >»,) - I3r(r — l)] x* + [£> + r(2/3, + 3 m ) — 12r(r — l)] » 

4- [ % + 2^,— 4r (r — 1)] 1 1> = — [{ 2x B + 1 2x 4 + 26* 3 4- 24a; 2 + 8a; } "^ 

+ {(2r — 1— a,)x 4 + [6(2r — 1) — 3a,— /3,]x 3 + [I3(2r — 1) — r a — 3/?,— 2a,] x 2 
+ [12(2/-— 1) — 3);, — 2/J 1 ]x+[4(2r—l) — 2jy 1 ]}]n. 

Equating coefficients of x n + 1 , we have as the relation connecting the A's 
with the 5's, 

\4n(n+ 1) — (n+ l)(2> 7l — 8/-)— 0,+ 2^,— 4r(r— l)] } 5 n+1 
4- {12»(n-l)-w(3) 7l +2^ I — 24r)-K,+ r (2,3, + 3)70-1 2r(r-l)]}«„ 
+ j 13 (n— l)(n— 2) - (n— l)(/7, + 3/?, + 2a,— 26r) - [y, + r(2a, + 3/3,+ >?0 

-13r(r-l)]}^_, 
+ «6(n-2)(w — 3) — (n— 2)(/3,+ 3a,— 12;-) — [&+ r (/3,+ 3a,) — 6r(r — 1 )]}«„_! 
+ j (n — 3)(n — 4) — (n — 3)(a,— 2r) — [a, + ra, — r(r — 1)] }3„_ 3 
= — | [8n + 4 + 8r — 2):,] A n + ,+ [24»+ 24r— 12 — 3*7,— 2/3,] A„ 
+ [26?* + 26r — 39 — >?,— 3/3,— 2a,]A n _, 

+ [I2rc — 30 + 12/- — 3a,— /3,]A a _ 2 + [2» — 7 + 2r — a,]A B _ 3 f. 
It will be noticed that the coefficients of & and A in this formula (as in all the 
preceding ones) are symmetrical in r and n ; all the terms in the coefficient of S n+1 
which contain only n or r, or both, unite into the one term 4 (n + r)(n + r + 1); 
the similar terms in the coefficient of S n unite into 12(n + ?-)(n + r — 1); those 
in the coefficient of <$„_, into 13(ra + r)(« + r— 3), etc. 

(To be continued.) 



